
Gram - ART: Variable Length Representation with Non - Parametric Probabilistic Templates 
and Complex Cluster Geometry  

 

By Ryan Meuth, John Seiffertt, Paul Robinette,  Applied Computational Intelligence Laboratory,  
Missouri University of Science and Technology  

A new Adaptive Resonance Theory variant is presented that is capable of clustering variable length semantic in-

puts by creating templates that store a non -parametric distribution over the symbols and structure of a given 

grammar.  Originally created as an automatic function definition mechanism for a Genetic Programming architec-

ture, the Gram -ART method has many other useful applications and properties.  The variable cluster geometry of 

Gram -ART is demonstrated on a 2D clustering task.  Gram -ART performance is shown to be improved compared 

to that of Fuzzy -ART and K -means on the benchmark iris dataset, and shows perfect performance classifying the 

benchmark mushroom dataset.  

Introduction  

In genetic programming, the genome of an individual is represented as a tree structure, where operations 
are applied at branches and the leaves are constants and problem parameters, as illustrated in Figure 1. 
One advantage of GP is that the results can be easily interpreted by humans and formally verified, a quality 

that is not present in many other computational intelligence methods.  

 

 

Figure 1. Function Representation as tree structure.  

 

There has been some development of methods to generalize function blocks (branches in an individualôs ge-

nome) that appear similarly and usefully across individuals and across generations, making those blocks 
available as fundamental components in the next generation of programs. In this way, a library of available 
functions is generated and customized in a meta -evolutionary way.  This modification leads to greatly in-
creased performance and the repetition of code allows the algorithm to find solutions that it would have 

very little chance of finding otherwise.  Additionally, by creating function blocks and removing parts of an in-
dividualôs genome from active evolutionary modification, the probability of architectural changes increases, 
as the genome is effectively shortened, and changes are only allowed on parts of the genome that have a 

higher - level effect.  In this way the evolutionary process starts by building and stabilizing low - level function-
ality, which grows to higher - level functions that exploit it.   The result is a progressive, fitness -driven in-
crease in program complexity that massively accelerates how well GP performs both in terms of quality and 

speed.  

Genetic Programming  

Grammatical evolution is a way of using an integer -based representation to encode a function tree.  In this 

way a standard integer -based genetic algorithm can be used to perform the evolutionary process while the 

individuals are expressed as programs.  This method has the benefit of speed, high population diversity, 

low memory requirements and stability.  

 

In grammatical evolution, the integer chromosome is used to select production rules of a Backus Naur Form 

(BNF) grammatical definition to generate a valid program.  The BNF grammar is a way of expressing a lan-

guage in the form of production rules.  A BNF grammar consists of the tuple { N,T,P,S }, where N is the set 

of non - terminals such as <expr>, <op>, <preop>, corresponding to expressions, binary operators and 

unary operators, respectively.  T is the set of terminals, such as operations AND, OR and NOT.  P is the set 

of production rules that map from N to T, and S is a seed symbol which is a member of N.  

 

An example of a simple binary BNF grammar would be:  

N = {expr, op, pre_op, var}  

T = {AND, OR, NOT, X, Y}  

S = <expr>  

 

P can be represented as:  

<expr>::= <expr> <op> <expr> |    (a)  

<preop> <expr> |     (b)  

<var>        (c)  

<op> ::= AND |       (a)  

  OR       (b)  

<pre_op> ::= NOT       (a)  

<var> ::= X |       (a)  

   Y       (b)  

Grammatical Evolution  

This algorithm is a specialization of ART designed to handle variable - length input patterns represented in a tree 
structure based on a BNF grammar.  

 

Initialization  

Let x  be a tree under the grammar.  Let w j be a generalized tree corresponding to category j .  Note here that the 
category representations in Gram -ART are themselves trees, thus abstracting the hyper - rectangular prototype 

forms of earlier manifestations of ART.  Each node in the generalized tree has an array representing the distribu-
tion of possible symbols at that node.  Here, r  represents the number of nodes in a tree. Finally, we let ȍ repre-
sent the vigilance level.  

           

Figure 2. Illustration of Gram -ART Template Node, storing a distribution over terminal symbols in a simple binary 

BNF grammar.  

 

We need a measure of magnitude for inputs and weights, we define the tree -norm  ||.|| as || y || = the number of 

nodes in y .  So, || x || = n and || w j|| = r . 

 

Initially, there are no category nodes committed. The first input vector will be used to update w1 so no initial val-

ues of the weights need to be given.  

 

We need to define a notion of overlap between the input and the weights.  We define the trace  of x  in w j, de-

noted by , as follows:  

 

The trace is the sum of the values stored in the weight w j corresponding to the symbols in a given input .  This 
has the effect of comparing root -aligned trees.  

 

To find the trace of an input tree on a template tree, the trace process recursively descends the two trees, re-
trieving the distribution sample at each node that corresponds to the symbol in the current node.  These distribu-
tion samples are summed over all corresponding nodes to complete the trace.  This process is illustrated in figure 
2.  

        

Figure 2. Illustration of Trace Process.  

 

Step 1: Category Match  

The first step in ART is to calculate the strength of the activations to the category nodes.  We define this activa-
tion strength, or choice value, for category  as shown below:.  

           

Step 2: Vigilance Test  

Once  has been calculated for all categories, this vector is sorted and the highest category is checked for vigi-
lance.  In the vigilance test we want to see how accurately the chosen category can predict the value of the input 

, so we check the following condition:  

           

If this condition is satisfied, then we move on to the weight update step. Otherwise, we zero out the value  and 
proceed with the next highest category match.  If none of the categories pass the vigilance test, then a new un-
committed node is assigned to the current input.  

 

Step 3: Weight Update  

 
Element update  is a weighted sum of the frequency with which a given option has been presented and is calcu-

lated by  

        

Where  is the number of inputs prior to the latest one and  is a characteristic function.  
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Gram - ART Algorithm  

 

An example of the effect of template updating process is illustrated in figures 1-4.  Three updates are applied to a template with two nodes, labeled X and Y.  Each node holds a distribution over 5 symbols.  The updates proceed with inputs {X3, 

Y2}, {X4, Y4}, {X3, Y3}.  The changes in the template distributions are shown by the shaded bars in Figure 1.  Figures 3-4 show the changes in activation patterns resulting from these updates, where brighter areas correspond to higher activa-

tion.  These activation maps illustrate the effective cluster shapes.  Note that the clusters have no strict geometry, as the y a re a non -parametric distribution over symbols.  

    Figure 1:    Figure 2:    Figure 3:    Figure 4: .   
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A Gram - ART Template Update Example  

To demonstrate arbitrary cluster geometries in Gram -ART a dataset consisting of two mixed Gaussian distribu-

tions is given as input, each centered at the top - right and bottom left corners. To translate between a continuous 
2D space and a symbolic grammar, the X and Y dimensions are evenly segmented into three symbols each, giv-
ing nine separate regions of activation. One hundred points were given as input with a vigilance value of 0.7.  
Two templates were produced, shown in Figure 11. The data points are shown in white. Regions with high activa-

tion values are shown in bright areas while low activation values are shown in black.  

 

Template 1 in figure 11 corresponds to the bottom - left distribution, while Template 2 captures the top - right dis-

tribution. Nearby regions are also partially activated, illustrating the inherent arbitrary geometry of the clusters.  

 

Template 1:          Template 2:  

   

Figure 11. Low -Resolution Gram -ART template shapes.  

 

Arbitrary cluster geometries are further illustrated in a second experiment. The X and Y dimensions were seg-

mented into ten symbols in each dimension which produced eleven clusters. These templates are each shown by 
bands of activation in the X and Y directions in Figure 12. Several bands can be seen in each cluster. Some of 
these bands even have multiple peaks in them, indicating a complex relationship among the input data. The 

sample data is still separable and Gram -ART is able to divide the data nonlinearly into clusters.  Additionally, the 
vigilance parameter controls how spread out the templates can become before a new template is allocated.  

 

Template 1:          Template 2:  

   

 

Template 3:          Template 4:  

   

 

Template 5:          Template 6:  

   

 

Figure 12. High -Resolution Gram -ART cluster shapes.  
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Gram - ART Cluster Analysis  

IRIS Dataset Benchmark  

To evaluate the performance of the Gram -ART algorithm, the standard Fisherôs Iris dataset was used as a 

benchmark against the Fuzzy -ART method.   The input variables are translated into symbols by finding the 

max and min of each variable and then dividing into equal compartments.   

  
Figure 13. ART -Variant clustering performance on the Iris dataset.  

 

The confusion matrices for the best -performing vigilance values are given in tables 6 through 8.  Note that 

Gram -ART performs significantly better than both variants of Fuzzy -ART, and performs equally as well as the 

best K -Means experiment.  Fuzzy -ART and Fuzzy -ART with discretized inputs both perform very similarly, 

strongly suggesting that discretization has no effect.  

  

Table 8. Confusion Matrix on Iris dataset for best -performing Gram -ART. Vigilance value is 0.52.   

 

Mushroom Dataset Benchmark  

The Mushroom Database contains information about 8124 species of mushrooms. It classifies each as poi-

sonous or edible and gives 22 attributes to identify the species.  The mushroom dataset is challenging for 

most clustering methods due to the symbolic representation of attribute values.  

Using a vigilance value of 0.73, Gram -ART was able to perfectly categorize the mushrooms as poisonous or 

not. Gram -ART generated 24 clusters at this vigilance value.  

 

   
Figure 17. Gram -ART classification profile on the Mushroom dataset.  Note that classification errors are reach 

zero at a vigilance value of 0.73.  

 

Grammatical Evolution and Gram - ART Automatic Function Definition  

 

In Grammatical Evolution architectures, the Gram -ART unit can serve the purpose of dynamic function defini-

tion, providing a library of generalized functions as cluster templates.  The 3 -bit even parity problem was 

used to evaluate Gram -ART as an automatic function definition method.   

The even -parity problem stack is a standard GP function approximation benchmark and a good demonstra-

tion problem for functional usage as 2 -Bit Even Parity is a sub -problem of 4 -Bit even parity is a sub -problem 
of 6 -Bit, etc[6].  

 

The experiments were carried out with a population size of 1000 individuals, and 10K maximum generations.  
The maximum genome size (number of nodes) was fixed at 100.   100 parents were selected from the popu-
lation using roulette -wheel selection, generating 100 children.  Children were generated using either muta-

tion or recombination (but not both for a given child) with equal probability.  Diversity control was performed 
utilizing a mass extinction method with elitism [27]. Mass extinction was initiated after the average fitness of 
the population was equal to the best fitness of the population for a set number of generations, indicating 
convergence.  Mass extinction with elitism was implemented by saving the top n individuals, then re -

initializing the population.  

 

   
 

   
 

By performing an analysis of variance, it was shown that utilizing Gram -ART with the best vigilance settings 

(0.9 without diversity control, 0.4 with diversity control), the evolutionary process was significantly improved 

over all other evolutionary configurations for a confidence value of Ŭ = 0.05. 

Actual Classic Fuzzy-ART 

Predicted 

 

  Setosa Versicolor Virginica 
Setosa 47 11 1 
Versicolor 3 19 8 
Virginica 0 20 41 

Actual Gram-ART 

Predicted 

 

  Setosa Versicolor Virginica 
Setosa 50 0 0 
Versicolor 0 49 3 
Virginica 0 1 47 

Gram - ART Performance Evaluation  

Gram -ART, a new Adaptive Resonance Theory variant, has been developed with many valuable properties, including the 
ability to cluster symbolic information and not only data but the structure of data relative to a grammar.  Additionally, the  

Gram -ART method is able to develop non -geometrically constrained cluster shapes, which enables an increased ability to 
distinguish between non - linearly separable data. This ability was illustrated through the application of Gram -ART to 2D 
clustering and standard Iris and Mushroom databases.  A final application, integrating Gram -ART as an automatic func-
tion definition method in a genetic programming architecture solving the 3 -bit even parity problem shows that Gram -ART 

can be utilized in computational intelligence architectures to improve overall optimization performance.  

 

Future research directions of Gram -ART development could include modification of the match criteria operator, such as 

the use of median or minimum of distribution samples, and investigating the effect on performance.  Additionally, the 
weight update mechanism may be modified to utilize a kind of Bayesian update rule.  

Conclusion  


